The probability distribution of sequences with maximum entropy that satisfies a given amino acid composition at each site and a given pairwise amino acid frequency at each site pair is a Boltzmann distribution with exp(−ψ N ), where the total interaction ψ N is represented as the sum of one body and pairwise interactions over all sites and site pairs. A protein folding theory based on the random energy model (REM) indicates that the equilibrium ensemble of natural protein sequences is a canonical ensemble characterized by exp(−∆G ND /k B T s ) or by exp(−G N /k B T s ) if an amino acid composition is kept constant, where ∆G ND ≡ G N − G D , G N and G D are the native and denatured free energies, and T s is the effective temperature of natural selection. Thus, k B T s was estimated as the ratio of ∆G ND to ∆ψ ND or ∆∆G ND to ∆∆ψ ND ; ∆∆G ND is a folding free energy change due to single amino acid substitutions. Here, we examine interaction changes (∆ψ N ) due to single nucleotide nonsynonymous mutations, and have found that the variance of their ∆ψ N over all sites hardly depends on the ψ N of each homologous sequence, indicating that the variance of ∆G N (= k B T s ∆ψ N ) is nearly constant irrespective of protein families. As a result, T s is estimated from the ratio of the variance of ∆ψ N to that of a reference protein, which is determined by a direct comparison between ∆∆ψ ND ( ∆ψ N ) and experimental ∆∆G ND . Based on the REM, glass transition temperature T g and ∆G ND are estimated from T s and experimental melting temperatures (T m ) for 14 protein domains. The estimates of ∆G ND agree well with their experimental values for 5 proteins, and those of T s and T g are all within a reasonable range. This method is coarse-grained but much simpler in estimating T s , T g and ∆∆G ND than previous methods.
Natural proteins can fold their sequences into unique structures. Protein's stability and foldability result from natural selection and are not typical characteristics of random polymers (1) (2) (3) . Natural selection maintains protein's stability and foldability over evolutionary timescales. On the basis of the random energy model (REM) for protein folding, Pande et al. (3) discussed that the equilibrium ensemble of natural protein sequences is a canonical ensemble characterized by a Boltzmann factor exp(−∆G ND (σ)/k B T s ), where ∆G ND (σ)(≡ G N (σ) − G D (σ)) is the folding free energy of sequence σ, G N and G D are the free energies of the native and denatured states, k B is the Boltzmann constant, and T s is the effective temperature of natural selection and must satisfy T s < T g < T m for natural proteins to fold into unique native structures; T g is glass transition temperature and T m is melting temperature; see subsection 4.1 for details. The REM also indicates that the free energy of denatured conformations (G D ) is a function of amino acid frequencies only and does not depend on amino acid order, and therefore the Boltzmann factor will be taken as exp(−G N (σ)/k B T s ), if amino acid frequencies are kept constant.
On the other hand, the maximum entropy principle insists that the probability distribution of sequences in sequence space, which satisfies constraints on amino acid compositions at all sites and on amino acid pairwise frequencies for all site pairs, is a Boltzmann distribution with the Boltzmann factor exp(−ψ N (σ)), where ψ N (σ) is the total interaction of a native sequence σ and represented as the sum of one-body (h) and pairwise (J) interactions between residues in the sequence; see subsection 4.2 for details. The one-body (h) and pairwise (J) residue-residue interactions that satisfy those constraints for homologous sequences have been estimated (4-7) as one of Potts problems and successfully used to predict contacting residue pairs in protein structures (4) (5) (6) (7) (8) (9) (10) . Morcos et al. (11) noticed that the ψ N in the Boltzmann factor is the dimensionless energy corresponding to G N /k B T s , and estimated effective temperatures (T s ) of natural selection for several protein families by comparing the difference (∆ψ ND ) of ψ between the native and the molten globule states with folding free energies (∆G ND ) estimated with associativememory, water-mediated, structure, and energy model (AWSEM) (12).
Here, we estimate the effective temperature of natural selection (T s ) and then glass transition temperature (T g ) and folding free energy (∆G ND ) of protein from the effects (∆ψ N ) of single amino acid substitutions on the total interaction of a protein in the equilibrium ensemble of sequences. We estimate the one-body (h) and pairwise (J) interactions with the DCA program, which is available at "http://dca.rice.edu/portal/dca/home", and then examine the changes (∆ψ N ) of the total interaction (ψ N ) of a native sequence due to single amino acid substitutions caused by single nucleotide changes. The data of ∆ψ N due to single nucleotide nonsynonymous substitutions for 14 protein families show that the variance of ∆ψ N over all the substitutions at all sites hardly depends on the total interaction (ψ N ) of each homologous sequence and is nearly constant for each protein family, indicating that the variance of ∆G N (= k B T s ∆ψ N ) is nearly constant irrespective of protein families. From this finding, T s for each protein family has been estimated in relative to T s for the PDZ family, which is determined by directly comparing ∆∆ψ ND ( ∆ψ N ) with experimental ∆∆G ND . Also, T g and the ∆G ND for each protein family are estimated on the basis of the REM from the estimated T s and an experimental melting temperature T m . The estimates of ∆G ND are well compared with experimental ∆G ND for 5 protein families. The present method for estimating T s is simpler than the method (11) using AWSEM, and also is useful for the prediction of ∆G ND , because the experimental data of ∆G ND are limited in comparison with T m , and also experimental conditions such as temperature and pH tend to be different among them. In addition, it has been revealed that ∆ψ N averaged over all single nucleotide nonsynonymous substitutions is a linear function of ψ N /L of each homologous sequence, where L is a sequence length; the average of ∆ψ N decreases as ψ N /L increases. As shown in the succeeding manuscript (13), this characteristic is required for homologous proteins to stay at the equilibrium state of the native conformational energy G N = k B T s ψ N , and indicates a weak dependency of ∆∆G ND on ∆G ND /L of protein across protein families.
Materials

Sequence data
We study the single domains of 8 Pfam (14) families and both the single domains and multi-domains from 3 Pfam families. In Table 1 , their Pfam ID for a multiple sequence alignment, and Uniprot ID and PDB ID with the starting-and ending-residue positions of the domains are listed. The full alignments for their families at the Pfam are used to estimate one-body interactions h and pairwise interactions J with the DCA program from "http://dca.rice.edu/portal/dca/home" (4, 5) . To estimate the sample (ψ N ) and ensemble ( ψ N σ ) averages of the total interaction, M unique sequences with no deletion are used. In order to reduce phylogenetic biases in the set of homologous sequences, we employ a sample weight (w σ N ) for each sequence, which is equal to the inverse of the number of sequences that are less than 20% different from a given sequence in a given set of homologous sequences. Only representatives of unique sequences with no deletion, which are at least 20% different from each other, are used to calculate the changes of the total interaction (∆ψ N ) due to single nucleotide nonsynonymous substitutions; the number of the representatives is almost equal to M eff in Table 1 .
Results
Important parameters in the estimations of one-body and pairwise interactions, h and J, and of the total interaction,
ψ N (σ)
There are two methods available to estimate one-body (h) and pairwise (J) interactions for amino acid order in a protein sequence; ψ N (σ) = −( i h i (σ i ) + j>i J i j (σ i , σ j )), where σ ≡ (σ 1 , · · · , σ L ) and σ i ∈ {amino acids, deletion}. See the Supporting Material for details. One of them is a method called the pseudo-likelihood maximization (plmDCA) method (6, 7) in which a pseudo-likelihood with a l 2 regularization term is maximized. Another method is the DCA method (4, 5) in which pairwise (J) interactions are estimated in the mean-filed approximation for a Potts problem.
In the plmDCA, a l 2 regularization term is equal to λ h h + λ J J , which is a weighted sum of the vector and matrix norms of h and J. The λ h and λ J are a parameter and the optimum values of h and J depend strongly on their values. In the case of λ h = λ J = 0.01, which seem to be appropriate for contact predictions (6, 7) , the values of h and J are too small to yield reasonable values for an effective temperature (T s ) of selection. To get an appropriate range of values for h and J , even λ = 0.0001 may be too large. Thus, we use the DCA here rather than the plmDCA, although the plmDCA was very successful in contact predictions. In the case of the DCA method, the ratio of pseudocount (0 ≤ p c ≤ 1) defined in Eqs. S51 and S52 is a parameter and controls the values of the ensemble and sample averages of ψ N in sequence space, ψ N (σ) σ in Eq. A25 and ψ N (σ N ) in Eq. A28; a weight for observed counts is defined to be equal to (1 − p c ). Sample average means the average over all homologous sequences with a weight for each sequence to reduce phylogenetic biases. An appropriate value must be chosen for the ratio of pseudocount in a reasonable manner.
Another problem is that the estimates of h and J (4, 5) include a lot of noise as a result of estimating too many interaction parameters from a relatively small number of sequences, and J i j may take significant values even for site pairs that are distantly located in the three dimensional structure of protein. Therefore, according to Morcos et al. (11) , the estimate of J is modified as follows.
where J g is the statistical estimate of J in a certain gauge, a k ∈ {amino acids, deletion}, H is the Heaviside step function, and r i j is the distance between the centers of amino acid side chains at sites i and j in a protein structure, and r cutoff is a distance threshold for residue pairwise interactions. If pairwise interactions are cut off at a certain distance, the estimate of the total interaction will depend on the choice of gauge for h and J; see the Method section in the Supplement for details. The sample and ensemble averages of the total interactions per residue over homologous sequences in the PDZ domain family are plotted against the cutoff distance in Fig. S1 in the Supporting Material. The solid and dotted lines indicate the sample and ensemble averages, respectively, and the plus (black) and cross (blue) marks show those for the simple and Ising gauges, respectively. In the simple gauge, k h s i (a k ) = k,l J s i j (a k , a l ) = 0; see Eqs. S56 and S57. On the other hand, one-body interaction (h I ) in the Ising gauge is generated (7) from any gauge by h
:, :)); see Eqs. S44 and S45. Those for the simple and Ising gauges agree with each other at a sufficiently large value of the cutoff where all pairwise interactions are included. If pairwise interactions are cut off at a certain distance, however, they will yield very different values for the total interaction. Here the simple gauge is employed, because in the Ising gauge the one-body interactions (h I i ) include interactions originated in pairwise interactions (J g i j ) beyond the cutoff distance; see Eq. S45. Candidates for the cutoff distance may be about 8 Å for the first interaction shell and 15-16 Å for the second interaction shell between residues; distance between the centers of side chain atoms is employed for residue distance. Here both the distances are tested for the cutoff distance. An appropriate value for the ratio of pseudocount for the certain cutoff distance, either about 8 Å or 15-16 Å , is chosen for each protein family in such a way that the sample average of the total interactions must be equal to the ensemble average, ψ N = ψ N σ ; see Eqs. A25 and A29. In the present multiple sequence alignment for the PDZ domain, with the ratios of pseudocount p c = 0.205 and p c = 0.33, the sample and ensemble averages agree with each other at the cutoff distances r cutoff ∼ 8 Å and r cutoff ∼ 15.5 Å , respectively; see Fig. S1 . In Fig. S2 , the reflective correlation and regression coefficients between the experimental ∆∆G ND (15) and ∆ψ N due to single amino acid substitutions are plotted against the cutoff distance for pairwise interactions in the PDZ domain. The reflective correlation has the maximum at the r cutoff ∼ 8 Å for p c = 0.205 and at r cutoff ∼ 15.5 Å for p c = 0.33 , indicating that these cutoff distances are appropriate for those ratios of pseudocount. The ratio of pseudocount and a cutoff distance employed are listed for each protein family in Tables 2 and S5 for r cutoff ∼ 8 and 15.5Å , respectively.
Changes of the total interaction, ∆ψ N , by single nucleotide nonsynonymous substitutions
The change of the total interaction of a native conformation by a single amino acid substitution from σ N i to σ i at site i in a native sequence σ N is defined as
Here, single amino acid substitutions caused by single nucleotide nonsynonymous mutations are taken into account, unless specified. Let us use a single overline to denote the average of the changes of interaction over all types of single nucleotide nonsynonymous mutations at all sites in a specific native sequence, and a double overline to denote their averages over all homologous sequences in a protein family. We calculated the ψ N of native amino acid sequences and ∆ψ N due to all types of single nucleotide nonsynonymous substitutions for all homologous sequences, and their means and variances. We has examined the dependence of ∆∆ψ ND ∆ψ N on the ψ N of each homologous sequence in each protein family. Fig. 1 for the PDZ family shows that ∆ψ N is negatively proportional to the ψ N /L of the wildtype, that is,
where L is sequence length. This relationship is found in all of the protein families examined here; the correlation and regression coefficients for r cutoff ∼ 8 and 15.5Å are listed in Tables 2 and S5 , respectively. Most of the correlation coefficients are larger than 0.95, and all are greater than 0.9. It is reasonable that the change of the total interaction (∆ψ N ) depends on interaction per residue (ψ N /L) rather than the total interaction (ψ N ), because interactions change only for one residue substituted in the sequence. On this line of consideration, the following approximation for the slope is confirmed in Fig. S8 .
The important fact is that the linear dependence of ∆ψ N on ψ N /L shown in Fig. 1 and Tables 2 and S5 is equivalent to the linear dependence of free energy changes caused by single amino acid substitutions on the native conformational energy of the wildtype protein, because the selection temperatures T S of homologous sequences in a protein family are approximated to be equal. Is the same type of dependence on ψ N /L found for the standard deviation of ∆ψ N over single nucleotide nonsynonymous substitutions at all sites? Fig. 1 and Tables 2 and S5 show that the correlation between the standard deviation of ∆ψ N and ψ N of the wildtype is very weak except for Nitroreductase, SBP bac 3 and LysR substrate families. Even for these protein families, the regression coefficients are less negative than those for ∆ψ N . Thus, it is indicated that in general the variance/standard deviation of ∆ψ N due to single amino acid substitutions is almost constant irrespectively of the ψ N across homologous sequences.
2.3 Effective temperature T s of selection estimated from the changes of interaction, ∆ψ N , by single nucleotide nonsynonymous substitutions
The variance of ∆ψ N must be approximated by a function of k B T s , because it does not depend on ψ N of the wildtype and is nearly constant across homologous sequences in every protein family that has its own characteristic temperature (T s) for natural selection. On the other hand, the free energy of the native structure, ∆G N , may be approximated by a function of G N but must not explicitly depend on k B T s . In other words, the following relationships are derived. 
Var(∆G N (σ
From the equations above, we obtain the important relation that the variance of ∆G N (= k B T s ∆ψ N ) does not depend on G N and is nearly constant irrespective of protein families.
This relationship is consistent with the observation that the variance of ∆∆G ND ( ∆G N ) is nearly constant irrespectively of protein families (∆G ND ( G N ) ) (16). This relationship allows us to estimate a selection temperature (T s ) for a protein family in a scale relative to that of a reference protein from the ratio of the standard deviation of ∆ψ N . The PDZ family is employed here as a reference protein, and its T s is estimated by a direct comparison of ∆ψ N and experimental ∆∆G ND ; because the experimental data of ∆∆G ND are available for many types of single amino acid substitutions in the PDZ domain.
where the overline denotes the average over all homologous sequences. Here, the averages of variances over all homologous sequences are employed, because T s for all homologous sequences are approximated to be equal.
A direct
Comparison of the changes of interaction, ∆ψ N ( ∆∆ψ ND ), with the experimental ∆∆G ND due to single amino acid substitutions
The effective temperature (T s ) of selection for the PDZ family has bee estimated by directly comparing ∆ψ N ( ∆∆ψ ND ) with experimental ∆∆G ND (15) for single amino acid substitutions. In Fig. 2 Table 3 and S6. Fig. 3 shows that r cutoff ∼ 15.5 Å yields slightly larger values in a scale relative to the T s of the PDZ but lower absolute values of T s for all the proteins than r cutoff ∼ 8 Å.
Morcos et al. (11) estimated T s by comparing ∆ψ ND with ∆G ND estimated by the associativememory, water-mediated, structure, and energy model (AWSEM). They estimated ψ N with r cutoff = 16 Å and probably p c = 0.5; the gauge employed is unknown. In Let us consider the average of ∆ψ N over homologous sequences in each protein family. The following regression line is shown in Fig. 4 .
Here, ψ N (σ N ) is reduced byψ because the origin of the ψ N scale is not unique. The correlation between ∆ψ N and δψ 2 /L is significant; the correlation coefficient is larger than 0.99. It should be noted here that the intercept β ψ N should be equal to 0, because if T s → ∞ then δψ 2 → 0 and ∆ψ N → 0. Actually, Fig. 4 shows that β ψ N is nearly equal to 0.
Finally, the dependence of ∆∆G ND on ∆G ND can be predicted.
In general, T s and T g are different among protein families, so that the correlation between ∆∆G ND and ∆G ND /L cannot be strong. In Fig. 5 , ∆∆G ND for the present proteins are plotted against ∆G ND /L. However, it should be noted that the correlation is not expected for ∆∆G ND and ∆G ND but for ∆∆G ND and ∆G ND /L .
2.6 Estimation of T g , ω, and ∆G ND (σ) σ from T s and T m
To estimate glass transition temperature T g , the conformational entropy per residue ω in the compact denatured state, and the ensemble average of folding free energy in sequence space ∆G ND σ , melting temperature T m must be known for each protein; see Eqs. A30, A18, and A27 for T g , ω and ∆G ND σ , respectively. The experimental value of T m employed for each protein is listed in Table 3 and S6. For comparison, temperature T is set up to be equal to the experimental temperature for ∆G ND or to 298
• K if unknown. An estimate of glass transition temperature,T g , has been calculated withT s and T m by Eq. A30, and is listed in Table 3 and S6 for each protein. In Fig. 6 ,T s /T g is plotted against T m /T g for each protein family. Unless T g < T m , a protein will be trapped at local minima on a rugged free energy landscape before it folds into a unique native structure. Protein foldability increases as T m /T g increases. A condition, ∆G ND = 0 at T = T m , for the first order transition requires that Eq. A30, which is indicated by a dotted curve in Fig. 6 , must be satisfied. As a result, T s /T g must be lowered to increase T m /T g ; in other words, proteins must be selected at lower T s . The present estimates of T s and T g would be within a reasonable range (11, 18, 19) of values required for protein foldability.
In Table 3 and S6, the ensemble average of ∆G ND (σ) over sequences calculated by Eq. A27, and the conformational entropy per residue ω in the compact denatured state by Eq. A18 are also listed for each protein. Fig. 7 shows the comparison of their ensemble averages, ∆G ND (σ) σ , and the experimental values of ∆G ND (σ N ) listed in Table S4 . The correlation in the case of r cutoff ∼ 8 Å is quite well, indicating that the constancy approximation (Eq. 11) for the variance of ∆G N is appropriate.
The conformational entropy per residue in the compact denatured state,ω in Eq. A18, estimated from the condition for the first order transition falls into the ranges of 0.6-1.1k B for r cutoff ∼ 8Å and 0.8-1.4k B for r cutoff ∼ 15.5Å . This range for r cutoff ∼ 8Å agrees well with the range estimated by Morcos et al. (11).
Discussion
We have analyzed the interaction changes (∆ψ N ) due to single nucleotide nonsynonymous substitutions. As studied in the succeeding manuscript (13), the regression coefficient of their mean (∆ψ N ) on ψ N must be more negative than that of their standard deviation (Sd(∆ψ N )), otherwise the folding free energy, ∆G ND = k B T s ∆ψ ND , of protein could not have a stable equilibrium value; actually Tables 2 and S5 show that their mean over all the substitutions at all sites is negatively proportional to ψ N of a wildtype, but their standard deviation is nealy constant irrespective of ψ N across homologous sequences.
On the basis of the random energy model(REM) (3), the effective temperatures (T s ) of natural selection, glass transition temperatures (T g ), and folding free energies (∆G ND ) for 14 protein domains are estimated in the empirical approximation that the variance of ∆ψ N is constant across homologous sequences with different ψ N , so that their estimates may be coarse-grained, however, this method is easier and faster than the method (11) using the AWSEM (12). Experimental data for ∆G ND are very limited, and also experimental conditions such as temperature and pH tend to be different among them. A prediction method for folding free energy would be useful in such a situation, although the present method requires the knowledge of melting temperature (T m ) besides sequence data, however, experimental data of T m are more available than for ∆G ND .
We have employed the cutoff distances for pairwise interactions, r cutoff ∼ 8 and 15.5Å , which correspond to the first and second interaction shells between residues, respectively. Also the ratio of pseudocount p c was chosen to yield the sample and ensemble averages are equal, i.e., ψ N = ψ N σ . Morcos et al. (11) employed probably p c = 0.5, which was successfully employed in contact prediction, and chose r cutoff = 16Å on the basis of the correlation between ∆∆G ND and ∆∆ψ ND ∆ψ N due to single amino acid substitutions for the PDZ protein family. In the present method, p c = 0.5 cannot be used, because Fig. S1 shows that for p c = 0.5, ψ N coincides with ψ N σ at r cutoff 8Å in the Ising gauge but is more negative than ψ N σ at any cutoff distance in the simple gauge. The condition of ψ N = ψ N σ is required to estimate folding free energies ∆G ND with Eq. A27 on the basis of the REM.
As shown in Fig. 3 , the estimates of T s depend on the cutoff distance. The estimates of T s are determined in relative to T s of the PDZ, which has been estimated to be equal to the reflective regression coefficient of experimental ∆∆G ND on ∆ψ N ( ∆∆ψ ND ). Larger the variance of ∆ψ N is, the smaller the estimate of T s is. Including the longer range of pairwise interactions increases the variance of ∆ψ N . Correlation between ∆ψ N and ∆∆G ND is not a good measure to judge which cutoff distance is better. T s is not directly observable. Comparison of the estimates of folding free energies with their experimental values may be appropriate to judge which value is more appropriate for the cutoff distance. It is not certain at this time which value better suits the present analysis, but consistencies between various quantities, particularly between ∆G ND σ and experimental ∆G ND , may indicate that r cutoff ∼ 8Å slightly better suits the present method than r cutoff ∼ 15.5Å ; see Figs. 5 and 7.
Appendix
Knowledge of protein folding
A protein folding theory (3), which is based on a random energy model (REM), indicates that the equilibrium ensemble of amino acid sequences, σ = (σ 1 , · · · , σ L ) where σ i is the type of amino acid at site i and L is sequence length, should be a canonical ensemble with a Boltzmann factor consisting of the folding free energy, ∆G ND (σ, T ) and an effective temperature T s of natural selection.
where
is the probability of a sequence (σ) randomly occurring in a mutational process and depends only on the amino acid frequencies f (σ), k B is the Boltzmann constant, T is a growth temperature, and G N and G D are the free energies of the native conformation and denatured state, respectively. Selection temperature T s quantifies how strong the folding constraints have been during evolution (11), and is specific to the protein structure and function. The free energy G D of the denatured state does not depend on the amino acid order but the amino acid composition, f (σ), in a sequence. It is reasonable to assume that mutations independently occur between sites, and therefore the equilibrium frequency of a sequence in the mutational process is equal to the product of the equilibrium frequencies over sites; P mut (σ) = i p mut (σ i ), where p mut (σ i ) is the equilibrium frequency of σ i at site i in the mutational process.
The distribution of conformational energies in the denatured state (molten globule state), which consists of conformations as compact as the native conformation. is approximated in the random energy model (REM), particularly the independent interaction model (IIM) (3), to be equal to the energy distribution of randomized sequences, which is then approximated by a Gaussian distribution, in the native conformation. That is, a partition function Z for the denatured state is written as follows with the energy density n(E) of conformations that is approximated by a product of a Gaussian probability density and the total number of conformations whose logarithm is proportional to the chain length.
where ω is the conformational entropy per residue in the compact denatured state, and N(Ē( f (σ)), δE 2 ( f (σ))) is the Gaussian probability density with meanĒ and variance δE 2 , which depend only on the amino acid composition of the protein sequence. The free energy of the denatured state is approximated as follows.
whereĒ and δE 2 are estimated as the mean and variance of interaction energies of randomized sequences in the native conformation. T g is the glass transition temperature of the protein at which entropy becomes zero (3); −∂G D /∂T | T =T g = 0. The conformational entropy per residue ω in the compact denatured state can be represented with
. Thus, unless T g < T m , a protein will be trapped at local minima on a rugged free energy landscape before it can fold into a unique native structure.
Probability distribution of homologous sequences in sequence space
The probability distribution P(σ) of sequences, σ ≡ (σ 1 , · · · , σ L ) where σ i ∈ {amino acids, deletion}, with maximum entropy in sequence space that satisfies a given amino acid frequency at each site and a given pairwise amino acid frequency at each site pair is a Boltzmann distribution (4, 5) .
where h i and J i j are one-body and two-body interactions and must satisfy the following constraints.
where P i (a k ) is the frequency of amino acid a k at site i and P i j (a k , a l ) is the frequency of amino acid pair, a k at i and a l at j; a k ∈ {amino acids, deletion}. The pairwise interaction matrix J satisfies
Interactions h i and J i j can be well estimated from a multiple sequence alignment (MSA) in the mean field approximation (4, 5), or by maximizing a pseudo-likelihood (6, 7). Here we must notice that ψ N (σ) has been estimated under the constraints on amino acid compositions at all sites, and therefore the amino acid composition of a whole sequence must be constant across sequences. From Eqs. A2 and A9,
The meanψ and variance ∆ψ 2 are estimated as the mean and variance of ψ N over randomized sequences in the native structure (3).
The ensemble average of folding free energy, ∆G ND (σ, T ), over sequences
The ensemble average of ∆G ND (σ, T ) over sequences with Eq. A1 is
where σ N denotes a native sequence, and f (σ N ) denotes the average of f (σ N ) over homologous sequences. In Eq. A21, the sum over all sequences is approximated by the sum over sequences the amino acid composition of which is the same as that of the native sequences. The ensemble average of G N is also estimated in the Gaussian approximation (3) .
The ensemble averages of ∆G ND (σ, T ) and ψ N (σ) over sequences are observable as the sample averages of ∆G ND (σ N , T s ) and ψ N (σ N ) over homologous sequences fixed in protein evolution, respectively.
where the overline denotes sample average with a sample weight w σ N for each homologous sequence, which is used to reduce phylogenetic biases in the set of homologous sequences. The folding free energy becomes equal to zero at the melting temperature T m ; ∆G ND (σ N , T m ) σ = 0. Thus, the following relationship must be satisfied (3) .
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SUPPLEMENTARY MATERIAL
An online supplement to this article can be found by visiting BJ Online at http://www.biophysj.org. Pfam family Correlation between ∆ψ N due to single nucleotide nonsynonymous substitutions and ψ N of homologous sequences in the PDZ domain family. The left and right figures correspond to the cutoff distance r cutoff ∼ 8 and 15.5Å respectively. Each of the black plus or red cross marks corresponds to the mean or the standard deviation of ∆ψ N due to all types of single nucleotide nonsynonymous substitutions over all sites in each of the homologous sequences of the PDZ domain family. Only 335 representatives of unique sequences with no deletion, which are at least 20% different from each other, are employed; the number of the representatives is almost equal to M eff in Table 1 The abscissa and ordinate correspond to the cases of r cutoff ∼ 8 and 15.5Å respectively. The T s is in
• K units. The sample average of folding free energy change, ∆∆G ND = k B T s ∆∆ψ ND , is plotted against the ensemble average of folding free energy per residue, ∆G ND σ /L = k B T s ∆ψ ND σ /L, for each protein family. In the case of the cutoff distance 8 Å, the correlation coefficient is r = −0.74, and the regression line is ∆∆G ND (σ
00 . In the case of r cutoff ∼ 16 Å, the correlation coefficient is r = −0.60, and the regression line is
14 . The free energies are in kcal/mol units. 
. Plus and open circle marks indicate the values estimated with r cutoff ∼ 8 and 15.5Å , respectively. The T s and T g must satisfy T s < T g < T m for proteins to be able to fold into unique native structures. 
Knowledge of protein folding
where p mut ( f (σ)) is the probability of a sequence (σ) randomly occurring in a mutational process and depends only on the amino acid frequencies f (σ), k B is the Boltzmann constant, T is a growth temperature, and G N and G D are the free energies of the native conformation and denatured state, respectively. Selection temperature T s quantifies how strong the folding constraints have been during evolution (11), and is specific to the protein structure and function. The free energy G D of the denatured state does not depend on the amino acid order but the amino acid composition, f (σ), in a sequence. It is reasonable to assume that mutations independently occur between sites, and therefore the equilibrium frequency of a sequence in the mutational process is equal to the product of the equilibrium frequencies over sites; P mut (σ) = i p mut (σ i ), where p mut (σ i ) is the equilibrium frequency of σ i at site i in the mutational process.
S-1 whereĒ and δE 2 are estimated as the mean and variance of interaction energies of randomized sequences in the native conformation. T g is the glass transition temperature of the protein at which entropy becomes zero (3) .
The conformational entropy per residue ω in the compact denatured state can be represented with T g .
Thus, unless T g < T m , a protein will be trapped at local minima on a rugged free energy landscape before it can fold into a unique native structure.
Probability distribution of homologous sequences in sequence space
where P i (a k ) is the frequency of amino acid a k at site i and P i j (a k , a l ) is the frequency of amino acid pair, a k at i and a l at j; a k ∈ {amino acids, deletion}. The pairwise interaction matrix J satisfies J i j (a k , a l ) = J ji (a l , a k ) and J ii (a k , a l ) = 0. Interactions h i and J i j can be well estimated from a multiple sequence alignment (MSA) in the mean field approximation (4, 5), or by maximizing a pseudo-likelihood (6, 7). Here we must notice that ψ N (σ) has been estimated under the constraints on amino acid compositions at all sites, and therefore the amino acid composition of a whole sequence must be constant across sequences. From Eqs. S2 and S11,
whereĒ = k B T sψ and δE 2 = (k B T s ) 2 δψ 2 . The meanψ and variance ∆ψ 2 are estimated as the mean and variance of ψ N over randomized sequences in the native structure (3).
S-2
The ensemble average of folding free energy, ∆G ND (σ, T ), over sequences
The ensemble average of ∆G ND (σ, T ) over sequences with Eq. S1 is
where σ N denotes a native sequence, and f (σ N ) denotes the average of f (σ N ) over homologous sequences. In Eq. S23, the sum over all sequences is approximated by the sum over sequences the amino acid composition of which is the same as that of the native sequences. The ensemble average of G N is also estimated in the Gaussian approximation (3) .
The meanψ( f (σ)) and the variance δψ 2 ( f (σ)) in the Gaussian approximation for the distribution of conformational energies at the denatured state are estimated as the mean and variance of ψ N of random sequences in the native conformation (3).
where h i (::) and J i j (::, ::) are the means of one-body and two-body interactions in random sequences.
where f a k (σ) is the composition of amino acid a k in the sequence σ.
where δ σ i a k is the Kronecker delta. The variance, δψ 2 ( f (σ)), is
Estimation of one-body (h) and pairwise (J) interactions
The estimates of h and J (4, 5) are noisy, and J i j may take significant values even for site pairs that are distantly located in the three dimensional structure of protein. Therefore, according to Morcos et al. (11) , the estimate of J is modified as follows.
where J g is the statistical estimate of J in a certain gauge, H is the Heaviside step function, and r i j is the distance between the centers of amino acid side chains in protein structure, and r cutoff is a distance threshold for residue pairwise interactions. Maximum interaction ranges employed for pairwise interactions are r cutoff ∼ 8 and 15.5Å , which correspond to the first and second interaction shells between residues, respectively. Here it should be noticed that the total interaction ψ N (σ) defined by Eq. S12 does not depend on any gauge unless the interaction range for pairwise interactions is limited, but a gauge conversion in which interconversions between h and J occur may change the estimate of ψ N (σ) in the present scheme of Eq. S43 in which pairwise interactions are cut off at a certain distance. Thus, a natural gauge must be used before calculatingĴ.
For example, let us think about the Ising gauge (7), in which h I and J I can be calculated from any gauge through the following conversions.
where q is equal to the total number of amino acid types including deletion, that is, q = 21. Thus, the gauge conversion of J does not affect the total interaction ψ N (σ) but the gauge conversion before calculatingĴ may significantly change the total interaction. In the DCA (4, 5), the interaction terms are estimated in the mean field approximation as follows.
where i j and 1 ≤ k, l ≤ q − 1, and the covariance matrix C is defined as
Here, one (a q ) of the amino acid types including deletion is used as the reference state; J q denotes the J in this gauge. According to Morcos et al. (4) , the probability P i (a k ) of amino acid a k at site i and the joint probabilities P i j (a k , a l ) of amino acids, a k at site i and a l at site j, are evaluated by
where 0 ≤ p c ≤ 1 is the ratio of pseudocount, and f i (a k ) is the frequency of amino acid a k at site i and f i j (a k , a l ) is the frequency of the site pair, a k at i and a l at j, in an alignment;
Then, according to Morcos et al. (4) , the one body interactions h i (a k ) are estimated in the isolated two-state model, that is,
These h q and J q in the q gauge are converted to a new gauge, which is called a simple gauge here,
In this gauge, the reference state is the average state over amino acids including deletion, instead of a specific amino acid (a q ) in the q gauge. The estimate of J in this gauge is used to calculateĴ in Eq. S43.
S-5 2 Materials
Sequence data
We study the single domains of 8 Pfam (14) families and both the single domains and multi-domains from 3 Pfam families. In Table S1 , their Pfam ID for a multiple sequence alignment, and Uniprot ID and PDB ID with the starting-and ending-residue positions of the domains are listed. The full alignments for their families at the Pfam are used to estimate one-body interactions h and pairwise interactions J with the DCA program from "http://dca.rice.edu/portal/dca/home" (4, 5) . To estimate the sample (ψ N ) and ensemble ( ψ N σ ) averages of the total interaction, M unique sequences with no deletion are used. In order to reduce phylogenetic biases in the set of homologous sequences, we employ a sample weight (w σ N ) for each sequence, which is equal to the inverse of the number of sequences that are less than 20% different from a given sequence in a given set of homologous sequences. Only representatives of unique sequences with no deletion, which are at least 20% different from each other, are used to calculate the changes of the total interaction (∆ψ N ) due to single nucleotide nonsynonymous substitutions; the number of the representatives is almost equal to M eff in Table S1 .
Empirical rules found in the analysis of ∆ψ N
We have examined the changes of ψ N due to single nucleotide nonsynonymous substitutions over all sites in the homologous sequences of 14 protein families, and have found the following regression equation.
with correlation coefficients, r ψ N > 0.9, where L is sequence length, ψ N denotes the average of ψ N over all homologous sequences, and ∆ψ N and ∆ψ N denote the average of ∆ψ N over all single nucleotide synonymous substitutions at all sites in a protein sequence and its total average over all homologous sequences in a protein family, respectively. In addition, the following relationship for the variance of ∆ψ N has been found. 
The average number of contact residues per site within the cutoff distance; the center of side chain is used to represent a residue. b M unique sequences without deletions are used with a sample weight (w σ N ) for each sequence; w σ N is equal to the inverse of the number of sequences that are less than 20% different from a given sequence. The M and the effective number M eff of the sequences are listed for each protein family in Table S1 . a The average number of contact residues per site within the cutoff distance; the center of side chain is used to represent a residue. b M unique sequences without deletions are used with a sample weight (w σ N ) for each sequence; w σ N is equal to the inverse of the number of sequences that are less than 20% different from a given sequence. The M and the effective number M eff of the sequences are listed for each protein family in Table S1 . c Representatives of unique sequences without deletions, which are at least 20% different from each other, are used; the number of the representatives used is almost equal to M eff . For HTH 3, 4461 sequences are used; abnormal sequences are removed. d The correlation and regression coefficients of ∆ψ N on ψ N /L;see Eq. S58. e The correlation and regression coefficients of (Var(∆ψ N )) 1/2 on ψ N /L. Correlation between ∆ψ N due to single nucleotide nonsynonymous substitutions and ψ N of homologous sequences in the PDZ domain family. The left and right figures correspond to the cutoff distance r cutoff ∼ 8 and 15.5Å respectively. Each of the black plus or red cross marks corresponds to the mean or the standard deviation of ∆ψ N due to all types of single nucleotide nonsynonymous substitutions over all sites in each of the homologous sequences of the PDZ domain family. Only 335 representatives of unique sequences with no deletion, which are at least 20% different from each other, are employed; the number of the representatives is almost equal to M eff in Table S1 . 
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